We construct a universal measuring coalgebra for two algebras over a given operad. We also construct universal measuring comodules over this coalgebra.
Introduction
Let K be a field and let A, B be K-algebras. A coalgebra measuring from A to B (see Sweedler [15] ) consists of a K-coalgebra (C, ∆, ǫ) and a K-linear map φ ∶ C → Hom K (A, B) such that
When c ∈ C is a grouplike element, i.e., ∆(c) = c ⊗ c, we notice that the condition in (1.1) implies that φ(c) ∈ Hom K (A, B) is an ordinary ring homomorphism from A to B. A coalgebra measuring is therefore seen as a generalized morphism from A to B.
By considering iterated coproducts:
we observe that the formalism of (1.1) may be extended from multiplication on an algebra to any "(n + 1)-ary operation" (compare [5, § 2.6] ). We make this precise by defining coalgebra measurings between algebras over a given operad O = {O(n)} n≥0 . In this paper, we will always restrict to nonsymmetric operads in the category of vector spaces over K.
If A and B are two algebras over O, we show that there exists a universal measuring coalgebra M = M(A, B) and a measuring φ ∶ M → Hom K (A, B) satisfying the following property: given any measuring (C, ψ) from A to B, there exists a morphism Φ ∶ C → M of coalgebras making the following diagram commutative:
In fact, the object M(A, B) behaves much like a "Hom object." As such, we show that the category of algebras over an operad O is enriched over K-coalgebras. We also consider measurings from M to N , where M is an A-module and N is a B-module. We show that these measurings factor through a universal measuring comodule over M(A, B).
In the case of ordinary algebras over a field, the constructions of universal measuring coalgebras (see Sweedler [15] ) and comodules are well known (see Batchelor [3] ). For more on measurings, we refer the reader, for instance, to [1] , [6] , [7] , [8] , [11] , [12] , [16] , [17] , [18] .
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Measurings of algebras over operads
Throughout, we let K be a field and let V ect K be the category of vector spaces over K. In this paper, we will always use the term 'operad' to refer to a non-symmetric operad in the category of vector spaces over K. We briefly recall here the definition of an operad in V ect K .
Definition 2.1. (see, for instance, [14] ) An operad in V ect K is a collection of K-vector spaces {O(n)} n≥0 together with K-linear maps
for n ≥ 1 and a unit map η ∶ K → O(1) such that the following conditions hold true: 1) Associativity: For n ≥ 1, consider the non-negative integers m 1 , . . . , m n and k 1 , . . . , k m , where m = m 1 + ⋯ + m n . Then the following diagram commutes:
where, for s ≥ 1, we have p s = m 1 + ⋯ + m s−1 and q s = k ps+1 + ⋯ + k ps+ms .
2) Unitality: For each n ≥ 1, the following diagrams commute.
of maps which commute with the operadic compositions and preserve the units. [14] ) Let O = {O(n)} n≥0 be an operad. An O-algebra is a K-vector space A together with maps:
satisfying the following associative and unital conditions: 1) Associativity: For n ≥ 1, and for non-negative integers k 1 , . . . , k n , we have
2) Unitality: For each n ≥ 1, the following diagram commutes.
We note that if we put n = 0, then we obtain a map α
Let O = {O(n)} n≥0 be an operad and let A be an O-algebra. We now make the convention that for θ ∈ O(n) and any a 1 , . . . , a n ∈ A, we will write
such that, for each n ≥ 0, the following diagram commutes:
Using the convention in (2.1), the condition in (2.2) may be expressed as
We are now ready to define coalgebra measurings between O-algebras.
which satisfies the conditions
for each c ∈ C, θ ∈ O(n) and a 1 , . . . , a n ∈ A.
Let Coalg K denote the category of K-coalgebras. Then, it is well known (see, for example, [2] , [15] ) that the forgetful functor Coalg K → V ect K has a right adjoint C ∶ V ect K → Coalg K . In other words, for any K-vector space V and any K-coalgebra C, there is a natural isomorphism
In particular, for any V ∈ V ect K , there is a canonical morphism π = π(V ) ∶ C(V ) → V and the pair (C(V ), π) is known as the cofree coalgebra on V . 
Proof. Let (C, π) be the cofree coalgebra on Hom K (A, B). We set M(A, B) ∶= ∑ D, where the sum is taken over all subcoalgebras D of C such that the restriction π D ∶ D → Hom K (A, B) is a measuring. We note that M (A, B) is a coalgebra and the restriction φ = π M(A,B) determines a measuring (M(A, B) , φ) from A to B.
We now consider a measuring (C, ψ) from A to B. Using the adjunction in (2.4), the morphism ψ ∶ C → Hom K (A, B) corresponds to a coalgebra morphism Φ ∶ C → C = C(Hom K (A, B) ) such that the following diagram commutes:
In other words, π Φ(C) is a measuring and it now follows that the subcoalgebra Φ(C) ⊆ M(A, B) . Hence, we have a coalgebra morphism Φ ∶ C → M(A, B) making the following diagram commute.
It is well known that Coalg K is a monoidal category. It follows therefore (see, for instance, [4, Chapter 6], [10] ) that we can consider categories enriched over the monoidal category Coalg K . Our next aim is to show that the category of O-algebras is enriched over K-coalgebras. is a measuring from A to E. In particular, there is an induced coalgebra morphism C ⊗ D → M(A, E).
Proof. By definition, we have
We note that C ⊗ D is a K-coalgebra whose iterated coproducts are given by
We now claim that ϕ is a measuring from A to E. For this, we consider θ ∈ O(n), c ∈ C, a 1 , . . . , a n ∈ A and d ∈ D. Then, we see that
It follows that ϕ is a measuring. Now from the universal property of M(A, E), we obtain an induced K-coalgebra morphism C ⊗ D → M(A, E). Proof. This follows directly from Proposition 2.5. of Hom-objects in Coalg K . The unit object in Coalg K is K treated as a coalgebra over itself and it is clear that we have a unit map
which induces a morphism of coalgebras K → M(A, A) . Together with the composition of Hom-objects in (2.8), it may now be verified that the category of O-algebras is enriched over K-coalgebras. Proof. We already know that M(A, A) is a coalgebra. From Theorem 2.7, we know that it is an endomorphism object of a category enriched over Coalg K . Hence, M(A, A) is an algebra object in Coalg K ; in other words, it is a bialgebra.
Measuring comodules
We continue with O = {O(n)} n≥0 being an operad of vector spaces over K. We first recall the well known notion of modules over O-algebras. 
satisfying usual associativity and unitality conditions.
We note that if we put n = 0 in (3.1), then we obtain a map α
Let A be an O-algebra and let M be an A-module. We now make the convention that for θ ∈ O(n), m ∈ M and any a 1 , . . . , a n ∈ A, we will write
Let (C, ∆, ǫ) be a K-coalgebra and let (P, ω) be a left comodule over C with structure map ω ∶ P → C ⊗ P . Then, we know that (id ⊗ ω) ○ ω = (∆ ⊗ id) ○ ω and (ǫ ⊗ id) ○ ω = id. For p ∈ P , we write ω(p) = ∑ p 0 ⊗ p 1 . We are now ready to define measuring comodules over a measuring coalgebra (C, φ). 
for all p ∈ P , a 1 , . . . , a n−1 ∈ A and m ∈ M .
We will now show that there is a universal measuring comodule over (C, φ). Since K is a field, we know that C is flat over K. It follows that the category C − Comod of left C-comodules is a Grothendieck category (see, for instance, [19, § 1] ). From general properties of Grothendieck categories (see, for instance, [9, Proposition 8.3 .27]), it now follows that the forgetful functor C − Comod → V ect K must have a right adjoint, which we denote by
In other words, for any K-vector space V and any C-comodule P , there is a natural isomorphism
In particular, for any V ∈ V ect K , there is a canonical morphism Λ = Λ(V ) ∶ R C (V ) → V of vector spaces. We now consider a measuring (C, φ)-comodule (P, ψ ′ ). Using the adjunction in (3.4), the morphism ψ ′ ∶ P → Hom K (M, N ) corresponds to a C-comodule morphism Ψ ∶ P → R C = R C (Hom K (M, N ) ) such that the following diagram commutes:
In other words, Λ Ψ(P ) is a measuring (C, φ)-comodule and it now follows that the subcomodule Ψ(P ) ⊆ Q C (M, N ). Hence, we have a comodule morphism Ψ ∶ P → Q C (M, N ) making the following diagram commute.
We will now prove a composition result for measuring comodules. (2) A measuring (C, φ)-comodule (P, ψ) with ψ ∶ P → Hom K (M, N ).
Then, the induced morphism
is a measuring C ⊗ D-comodule.
Proof. From Proposition 2.5, we know that there is a measuring ϕ ∶ C ⊗ D → Hom K (A, E). We now consider an element p ⊗ q ∈ P ⊗ Q, along with a 1 , ⋯, a n−1 ∈ A and m ∈ M . Then we have τ (p ⊗ q)(θ M (a 1 ⊗ ⋯ ⊗ a n−1 ⊗ m)) = ψ ′ (q) ○ ψ(p) θ M (a 1 ⊗ ⋯ ⊗ a n−1 ⊗ m) = ψ ′ (q) ∑ θ N φ(p 0 )(a 1 ) ⊗ ⋯ ⊗ φ(p n−2 )(a n−1 ) ⊗ ψ(p n−1 )(m) = ∑ ψ ′ (q) θ N φ(p 0 )(a 1 ) ⊗ ⋯ ⊗ φ(p n−2 )(a n−1 ) ⊗ ψ(p n−1 )(m) = ∑ ∑ θ L φ ′ (q 0 ) φ(p 0 )(a 1 ) ⊗ ⋯ ⊗ ψ ′ (q n−1 ) ψ(p n−1 )(m)
= ∑ ∑ θ L ϕ(p 0 ⊗ q 0 )(a 1 ) ⊗ ⋯ ⊗ τ (p n−1 ⊗ q n−1 )(m) (3.5) This proves the result. 
